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I am interested in the interactions of probability and analysis with combinatorics
and discrete structures. These interactions arise naturally when trying to find structure and information in large growing networks such as the world wide web and social
networks. My particular focus has been on studying the properties of random graphs.
My research on component sizes in random directed graphs and some properties in
random hypergraphs, and how the analyses of algorithms were important to proving
these results, is explained below. I conclude with some continuing projects and other
future directions for research as well as potential undergraduate research opportunities.

Random Graphs
Component sizes
First, I describe a classical result in undirected random graphs. Then I detail our
result in random directed graphs and explain why the determination of the strong
component sizes has been a difficult problem.
Of the many parameters of a graph, we often first want to know the sizes of its
components. One of the best known models is G(n, p), which has n vertices and
each potential edge is present independently with probability p. A classical result
due to Erdős and Rényi [ER60] is the following “double jump” phenomenon: let L
denote the number of vertices in the largest component of G(n, p). As customary, we
say that G(n, p = pn ) has some property with high probability, denoted w.h.p., if the
probability that G(n, p) has this property tends to 1 as n tends to infinity.
• If p = c/n, c < 1, then w.h.p. L is on the order of ln n.
• If c = 1, then w.h.p. L is on the order of n2/3 .
• If c > 1, then w.h.p. L = α n + o(n), where α is the unique root in (0, 1) of
1 − α = e−c α . This component is called giant because the other components
have size O(ln n).
This model is rather unrealistic for many real-world networks due to the independence
of the possible edges, but G(n, p) serves as a benchmark for and gives insight into
understanding and gauging the difficulty of problems that one may face in other more
constrained random graphs.
Researchers have struggled to to extend this classic result to the random directed
graph D(n, p), where each potential edge is present with probability p. It was not
until 1990 that Karp [Ka90] and Luczak [Luc90] established a similar phase transition
for L, the size of the largest strong component of D(n, p = c/n). They proved that if
c < 1, then L is bounded in probability and if c > 1, then w.h.p. L = α2 n + o(n).
In my thesis, I, along with my advisor B. Pittel, prove a Central Limit Theorem
(CLT) for L if c > 1. That is, there is some σ = σ(c) > 0 such that for all a < b
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In fact, we show that number of vertices and edges of the giant strong component
have a jointly asymptotic Gaussian (multivariate normal) distribution. This result
generalizes similar CLTs in undirected random graphs due to Stepanov [Ste70], Pittel [Pit90], and Pittel and Wormald [PW05].
Other than Karp and Luczak’s phase transition and our CLT, there are not many
parameters known about the strong giant component, especially in light of the wealth
of results about the size and properties of the giant component in random undirected
graphs and hypergraphs. This is because the notion of connectivity morphs into two
harder-to-handle notions of sink sets and source sets in directed graphs. The strong
component containing some vertex v is the set of vertices that are both reachable
from v and can reach v. In D(n, p), the two search processes that find those vertices
in a strong component with v are interdependent; this interdependence is very difficult
to analyze and is a primary reason that considerably less is known about the strong
components of D(n, p).
To prove our CLT, we deal with the difficulty of interdependence of the search
processes by introducing a deletion algorithm that considers only “local” information
but terminates with a slightly larger subgraph called the (1, 1)-core. A key lemma
in our proof is that w.h.p. the (1, 1)-core is essentially the largest strong component
along with “few” peripheral vertices and edges (whose orders are dwarfed by the
fluctuations of the giant component parameters). I discuss this deletion algorithm
further in the section describing deletion algorithms.


L − α2 n
a≤
≤b
σn1/2



Random Hypergraphs
I additionally prove three properties about random d-uniform random hypergraphs.
In particular, I find where these random hypergraphs are likely to be k-connected
and weak Hamiltonian as well as their diameter near the connectivity threshold. A
d-uniform hypergraph is a pair (V, E), of a vertex set V and a (hyper)edge set E,
where each hyperedge is a set of d vertices. In the random d-uniform model Hd (n, p),
there are n vertices and each potential edge of cardinality d is present with probability
p. Note that for d = 2, this model is simply G(n, p). I provide some definitions before
stating our results.
k-connectivity
There are multiple measures of the strength of connectivity of a connected graph
and I considered k-connectivity. A (hyper)graph is k-(vertex)connected, if whenever
k − 1 vertices are deleted with their adjacent edges, the remaining graph is connected.
Necessarily, a k-connected graph must have minimum degree at least k.
I prove that this trivial necessary condition that min deg(Hd (n, p)) ≥ k is in fact a
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ln ln n+c
statistically sufficient condition [2]. In particular, if p = (d − 1)! ln n+(k−1)
, then
nd−1

P (Hd (n, p) is k-connected) = P (min deg(Hd (n, p)) ≥ k) + o(1) → e−e

−c /(k−1)!

.

This is a generalization to hypergraphs of the k-connectivity result established by
Erdős and Rényi [ER61].
In fact, I prove a stronger result which concerns the random hypergraph process,
H̃d . The hypergraph process is a random sequence of hypergraphs, which begins as
a hypergraph with no edges and then edges are added one after another at random.
I prove that w.h.p., at the precise moment this process loses its last vertex of degree
less than k, the process also becomes k-connected. This result generalizes Bollobás
and Thomason’s [BT85] hitting time result for the graph process (albeit for fixed k).
Hamiltonicity
A number of researchers have studied the problem of determining the threshold value
p such that w.h.p. a Hamilton cycle exists in G(n, p). In generalizing to hypergraphs,
the first question that arises is how to even define a hypergraph cycle. In one version,
a cycle is a sequence C = (v0 , e1 , v1 , . . . , e` , v` = v0 ), where v0 , v1 , . . . , v`−1 are distinct
vertices, e1 , . . . , e` are distinct edges, and vi−1 , vi ∈ ei for each i. A weak cycle is
defined similarly, except edges are allowed to be repeated.
I found that the main barrier to weak Hamiltonicity is the presence of isolated
n+c
, then
vertices [4]. In particular, if p = (d − 1)! lnnd−1
−c

P (Hd (n, p) is weak Hamiltonian) = P (min deg(Hd (n, p)) ≥ 1) + o(1) → e−e .
The previous result is extension of similar results for the random graph models due
to Korshunov [Kor77], Komlós and Szemerédi [KS83], Bollobás [Bol83].
Loose Connectivity and Diameter
A loose path in a hypergraph from v to w is a sequence of edges e1 , e2 , . . . , ek such that
v ∈ e1 , w ∈ ek , |ei ∩ei+1 | = 1 for each i, and ei ∩ej = ∅ if j 6= i−1, i, i+1. A hypergraph
is loosely connected if between any two vertices there is a loose path between them.
A loosely connected hypergraph is necessarily connected. By analyzing a version of
a breadth-first search, I prove that w.h.p. at the moment the random hypergraph
process loses its last isolated vertex, the process becomes loosely connected [3]. In
fact, w.h.p. each pair of vertices is loosely connected by a path of length at most


ln n
ln n
− 1,
+9 .
ln((d − 1) ln n)
ln((d − 1) ln n
This result generalizes an analogous theorem due to Bollobás [Bol84] about the diameter of the graph process at the moment of connectivity.
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Analysis of Algorithms
One key tool in the field of random graphs is the use of algorithms to find some
desired structure. Many problems in combinatorics, such as finding the longest path
in a graph or whether a graph has a Hamilton cycle, are (provably) very difficult to
do for all graphs. However, by constraining the set of graphs and wanting to solve
the “average-case” scenario, these difficult questions can be susceptible to attack.
A common technique is to introduce randomness into an algorithm, through either
random inputs or random decisions in each step, hoping to avoid the “worst-case
scenario”. I discuss two such algorithms that we introduced and how we used them
in the proofs of some of the results discussed earlier.
Deletion Algorithms
As mentioned above, we proved that the (1, 1)-core of D(n, p), which is the maximal
subgraph with minimum in-degree and out-degree at least 1, is not much larger than
its largest strong component. This is important because the (1, 1)-core can be found
by a greedy deletion algorithm where semi-isolated vertices, those with either indegree zero or out-degree zero, are successively deleted. Deterministically, no matter
the order in which you delete these semi-isolated vertices, this deletion process ends
with the (1, 1)-core. Although given an initial directed graph, the terminal directed
graph produced from the algorithm is determined, we introduce randomness into our
deletion algorithm; then, we prove our result using techniques from probability and
differential equations.
Here is how we introduce and use randomness in the algorithm: first, at each
step, we randomly chose the semi-isolated vertex to be deleted. By introducing this
specific kind of randomness, we can show that the 4-tuple of the number of vertices,
number of in-degree zero vertices, number of out-degree zero vertices, and number of
edges after t steps form a Markov chain. In order to show that the terminal number
of vertices and edges is indeed jointly asymptotically Gaussian, we “approximate” the
likely realization of the deletion algorithm with a deterministic trajectory. Using this
Fourier-based technique, this assumed approximation forces the mean and covariance
parameters to satisfy a certain system of PDEs, which we convert to some systems
of ODEs by the method of characteristics. Once these ODEs are “solved”, by an
exponential supermartingale argument, we prove our deterministic trajectory is in
fact a close approximation to the actual deletion process, which nearly finishes the
proof.
Edge-finding Algorithms
In the proof of establishing the weak Hamiltonicity threshold, we encountered the
probability in Hd (n, p) that a set of vertices, say B, are all adjacent to at least one
vertex from another disjoint set of vertices, say A; let’s denote this probability by
P (A, B). For the random graph G(n, p), P (A, B) is easily computable, but for hypergraphs, there is interdependence with the events {v is adjacent to A} for different
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v ∈ B. Needing to take on this interdependence, we introduced an edge-finding algorithm that necessarily discovers at least |B|/(d − 1) edges on the event corresponding
to P (A, B). Analyzing this deterministic algorithm (with random inputs), we find
that
|B|
d d−1

e
|B|
|A|+|B|
−(d−1
)
)
(
d−1
.
P (A, B) ≤ 1 − (1 − p)

Future Directions
The following are some continuing projects and open problems in which I am interested.
Evolution of random directed graphs
Many parameters of the strong giant component are still unknown. For example,
the asymptotic joint distribution of the size of the giant strong component along
with its ancestor and descendant set is unknown. Further, there are many properties
known about the components of G(n, p) for p through the critical window (1 + )/n,
 = O(n−1/3 ) (such as sizes of the components, the number of components with more
edges than vertices, planarity, diameter, etc.). There should be analogues to these
statements for directed graphs (this critical range is also near p = 1/n).
Hamiltonicity in random hypergraphs
The (sharp) threshold’s location for where Berge Hamilton cycles begin to exist is
still an open question. Further, there are other notions of Hamiltonicity in hypergraphs. The thresholds corresponding to Hamiltonian `-overlapping cycles have been
established, but there remains the sharp threshold determination (for most cases, see
Dudek and Frieze [DF13]). Also, I would like to know if there is some sort of local
obstruction, such as vertices of degree less than 2 for Hamiltonicity in G(n, p), that
prevents Hamilton cycles from forming in these random hypergraphs.
Cores
In G(n, p), Pittel, Spencer and Wormald [PSW96] established the sharp thresholds for
the appearance of the k-core, the maximal subgraph of minimum degree k, if it exists.
As for its directed analogue, even the threshold of the existence of the (ki , ko )-core,
the maximal subgraph with minimum in-degree at least ki and minimum out-degree
at least k0 , is yet to be determined. Boris Pittel and I have made recent gains on this
problem and believe we are near proving the sharp threshold for the appearance of
the (ki , ko )-core.
Recently, Krivelevich, Lubetzky and Sudakov [KLS14] proved that w.h.p. the
k-core, for k ≥ 15, is Hamiltonian at its birth. It is conjectured that this holds for
k ≥ 3 as well (trivially true for k = 2). Is the (k, k)-core Hamiltonian at its birth as
well?
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Kahn-Kalai Conjecture
As long as p > e/n, the expected number of Hamilton cycles in G(n, p) tends to
infinity, but not until p > (ln n)/n can we say that w.h.p. at least one Hamilton
cycle exists. This gap of order ln n is conjectured by Kahn and Kalai [KK07] to be
the worst possible order between the “expectation threshold” and the threshold for a
relatively general class of properties.
Undergraduate Research Opportunities
Combinatorics and Random Graphs greatly lend themselves to undergraduate research due to the relatively low barrier of entry. Some of the most useful techniques in
Random Graphs, such as Markov’s and Chebyshev’s inequalities, are usually taught
in undergraduate probability classes. Although my previously mentioned research
projects are beyond the scope of undergraduate research, there are plenty of smaller
questions that are appropriate. These include:
• For what p values, do “small” Berge (weak Berge, `-overlapping) cycles begin
to emerge in Hd (n, p)? How many cycles are there and what are their lengths?
• When is the (1, 1)-core of D(n, p) w.h.p. Hamiltonian? More difficult: when
does the (k, k)-core w.h.p. have k edge-disjoint Hamilton cycle?
• Is the (k, k)-core of D(n, p = c/n), for c large enough, w.h.p. k-strongly connected?
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